We analyze the hybrid absorptive-dispersive optical bistability (OB) behavior in an open Λ-type three-level atomic system by using a microwave field to drive the hyperfine transition between two lower states, along with the consideration of incoherent pumping and spontaneously generated coherence. Different from the closed system, we show that the bistable threshold intensity and related hysteresis loop can be controlled by adjusting the ratio between atomic injection and exit rates. More interestingly, the appearance and disappearance of OB can be transformed mutually by varying the relative phase of three coherent fields under the condition of a strong spontaneously generated coherence. The manipulation of OB behavior through the intensity of the microwave field and the atomic cooperation parameter is also analyzed.
INTRODUCTION
Over the past few decades, there has been significant research on quantum optical phenomena with atomic coherence and quantum interference [1, 2] , such as coherent population trapping and electromagnetically induced transparency (EIT) [3] , amplification and lasing without population inversion [4] , enhancing Kerr nonlinearity [5] , multiwave mixing [6] [7] [8] , optical solitons [9] [10] [11] [12] [13] , etc. Meanwhile, there is also a great deal of interest in the phenomenon of optical bistability (OB) [14] [15] [16] [17] [18] [19] [20] [21] , in view of its potential application for optoelectronic devices [22] . Besides atomic systems, OB happens in other kinds of systems, such as semiconductor structures that include quantum wells in an optical ring cavity [14] [15] [16] [17] [18] [19] [20] [21] . These studies have shown that field-induced transparency and quantum interference effects could significantly decrease the OB threshold intensity. The effects of the phase fluctuations and squeezed state fields on the OB have subsequently been studied [23] [24] [25] .
However, almost all of these studies are considered with a closed system. The closed three-level Λ-type atomic system is one of the most important systems used in the studies mentioned above. In this regard, OB in a closed three-level Λ-type atomic system inside an optical cavity has been observed experimentally [2, 16] . Furthermore, some researchers have shown that squeezed state field [23] [24] [25] , spontaneously generated coherence (SGC) [26] , atomic cooperation parameter, and the intensity of microwave field play a crucial role in controlling the bistable threshold intensity and related hysteresis loop structure [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] .
Based on the study of OB behavior in a closed three-level atomic system [2, [14] [15] [16] , in this work, we propose a new scheme in an open Λ-type three-level atomic system to investigate OB, which is driven by a resonant microwave field with incoherent pumping and SGC. The present scheme is drastically different from the schemes for controlling the OB behavior in a closed system [2, [14] [15] [16] . First, we show that the OB threshold intensity in the open system is smaller than that in the corresponding closed system. A smaller threshold intensity is obviously favorable from the viewpoint of practical applications. Second, we demonstrate that the behavior of OB including threshold intensity and the hysteresis loop can be controlled by varying the ratio between atomic injection and exit rates. Third, we find that the behavior of OB is very sensitive to the relative phase of three coherent fields even with the existence of a small intensity of SGC. More interestingly, we also find that the appearance and disappearance of OB can be transformed mutually by adjusting the relative phase of three coherent fields when the SGC is strong enough. If the microwave field is not used, except for the case with a nonzero frequency detuning (Δ p or Δ c ) [16] , there is no OB behavior to observe.
MODEL AND MOTION EQUATIONS
Let us consider an open three-level Λ-type atomic system as shown in Fig. 1 . The transition frequency, ω 13 for j1i↔j3i, is driven by a weak probe field E p with angular frequency ω p and Rabi frequency 2Ω p . The transition frequency, ω 23 for j2i↔j3i, is driven by a coherent coupled field E c with angular frequency ω c and Rabi frequency 2Ω c . A resonant microwave field E d with angular frequency ω d and Lamor frequency Ω d is used to couple Zeeman sublevels j1i and j2i through an allowed magnetic dipole transition. An incoherent pump field with the pumping rate Λ is applied between levels j1i↔j3i. J 1 and J 2 are the atomic injection rates for level j1i and j2i, respectively. r 0 is the atomic exit rate. We also assume that the number of interacting atomic is constant, so J 1 J 2 r 0 . If we take the level j1i as the energy ground and choose H 0 ω p − ω c j2ih2j ω p j3ij3i in the interaction picture and under the rotating-wave approximation, the interaction Hamiltonian of this system is given as follows (ℏ 1): With the density-matrix formalism, we study the dynamic in our proposed scheme. By adopting the standard approaches [27] , the density-matrix equations can be given as follows: 
together with ρ ij ρ ji and P 3 j1 ρ jj 1. Here, the overdots denote the derivation with respect to time t. The population decay rates are added phenomenologically in the above density matrix equations, where the population decay between level jii and jji is denoted by γ ij . The term p γ 31 γ 32 p ηρ 33 represents the SGC effect resulting from cross coupling emission j3i↔j1i and j3i↔j2i, where p cos θ μ 31 · μ 32 ∕jμ 31 jjμ 32 j with θ the angle between the two induced dipole moments μ 31 and μ 32 [14] . It is obvious that the parameter η presents the strength of SGC effect and varies with the value of θ. η 1 presents the largest strength of the SGC, while η 0 presents no SGC effect. When J 1 J 2 r 0 0, the set of equations in (2)- (7) can be reduced case of a closed Λ-type three-level atomic system [28] .
The properties of a open system depends not only on amplitudes but also on the phases of probe and control fields due to the SGC effect. In this case, we have to treat the Rabi frequencies as complex parameters [29] . We define ϕ p , ϕ c , and ϕ d as the phases of the probe, control, and microwave fields, respectively. Then, we have Ω p G p e −iϕ p , Ω c G c e −iϕ c , and (2)- (7) can be rewritten as
_ σ 33 iG c σ 23 − σ 32 iG p σ 13 − σ 31
where ϕ ϕ p − ϕ c is the relative phase difference of the probe field and the driving fields. Similarly, Eq. (8) are restricted by σ ij σ ji and σ 11 σ 22 σ 33 1. Now, we consider a medium of length L composed by the atomic ensemble described above, which is immersed in a unidirectional ring cavity as shown in Fig. 2 . For simplicity, we assume that both mirrors 3 and 4 are 100% in the reflectivity, and the reflection and transmission coefficient for mirrors 1 and 2 are denoted by R and T (with R T 1), respectively. The total electromagnetic field can be written as E E p e −iω p t E c e −iω c t E d e −iω d t c:c:, where only the probe field E p circulates in the ring cavity. The propagation of probe field in the medium is governed by Maxwell equation, then, under the slowly varying envelope approximation [27] , the dynamic equation for the probe field is
where Pω p Nμ 13 ρ 31 is the slowly oscillating term for the induce polarization in the transition j3i↔j1i, with the electron density in the sample denoted by N. In Eqs. (8)- (13), the parameters ε 0 and c are the permittivity of free space and the speed of light in vacuum, respectively. In the steady-state case, the time derivative in Eq. (14) ∂E p ∕∂t is set to zero; thus, we can obtain the amplitude of the probe field as follows:
The input probe field E I p , entering the cavity under the assumption for a perfectly tuned ring cavity, satisfies the following boundary conditions together with the transmitted
where L is the length of the sample. The second term in the right-hand side of Eq. (17) describes the feedback from the mirror, which is essential for the generation of bistability. We note that no bistability occurs if R 0. In the mean-field limit [30] , using the boundary conditions in Eqs. (16, 17) (8)- (14), which is a set of coupled 9 × 9 algebraic equations after splitting them into real and imaginary parts. To give a clear illustration, we choose Δ p Δ c 0 and γ 31 γ 32 30γ 21 γ. All the parameters used are also set in units of constant γ in the following numerical calculations.
NUMERICAL RESULTS AND PHYSICAL ANALYSIS
In this section, in Figures 3-7 , we present a few numerical results for the steady state solution of output field, in terms of field intensities for different corresponding parameters.
First of all, we analyze how the strength of SGC modifies the bistable behavior, with all other parameters fixed. Figure 3 demonstrates the dependence of OB on the strength of SGC η, with a comparison for open and closed systems. From Fig. 3 , one can find that the threshold intensity of OB can be reduced both for open and closed systems, as the strength of SGC goes from η 0.3 to η 1. In this case, a smaller threshold intensity comes from the reduction in effective saturation intensity since SGC suppresses the radiative decay rate from state j3i to state j1i [31] . As a result, we can have a desired bistable curve with a proper strength of SGC. Figure 3 (b) also shows that the OB behavior in the closed system is similar to that in an open system, but the threshold in closed system is obviously larger than that in the corresponding open system. A smaller threshold intensity is obviously favorable from viewpoint of experiments.
In Fig. 4 , we analyze the effect of intensities of microwave and control fields on modifying the bistable behavior in the open atomic system. One can see that OB curve has a very sensitive dependence on the intensity of the driving fields G j (j d; c). Moreover, the bistable threshold intensity increases as the intensity of microwave field increases or the intensity of control field decreases; meanwhile, the area in the corresponding hysteresis cycle becomes narrow for both cases. The physical interpretation of these results is clear. Either by increasing the intensity of control field or by decreasing the intensity of microwave field, the absorption for probe field on the transition j1i↔j3i can be reduced dramatically, which makes the cavity field easier to reach saturation [18, 28] . Figure 5 plots the curves of OB behavior with different values of the cooperation parameter C and incoherent pumping rate. It is easy to see from Fig. 5(a) that the threshold of OB reduces dramatically when the cooperation parameter C becomes smaller. For this reduction, the physical reason can be qualitatively explained as follows. From the term C Nω p Lμ 2 13 ∕2cε 0 ℏT, one can find that the cooperation parameter C is directly proportional to the electron number density N. Thus, the probe absorption increases as the electron density increases, which leads to the raise of a threshold intensity. Figure 5(b) shows that the threshold of OB also increases dramatically when the incoherent pumping rate increases, due to the quantum coherence [28] . In this Λ-type three-levels atomic system, the absorption of probe field for the transitions j1i to j3i increases with the incoherent pumping field driving between the levels j1i and j3i. In this scenario, it is difficult to reach saturation for the probe field, and the bistable threshold intensity increases correspondingly. Now, we investigate atomic exit rate, r 0 , and atomic injection rates, J 1 and J 2 , on bistable property in the open system. The curves of output intensity jxj versus input intensity jyj with different values of the atomic exit rate r 0 are plotted in Fig. 6(a) , where we keep the atomic injection rate J 2 of level j2i as a constant. We find that the bistability threshold intensity goes down when the atomic exit rate from the cavity r 0 becomes large. More interestingly, the threshold of OB can also be controlled by the relative phase ϕ between the probe and driving fields. The effects of the relative phase ϕ on the OB is illustrated in Fig. 6(b) , from which one can readily find that the OB is indeed sensitive to the relative phase ϕ. The threshold intensity and related area in the hysteresis cycle for OB decrease when the relative phase varies from 0 to 3π ∕2. In order to find the physical reason of these phenomena, we plot the absorption of probe field versus atomic exit rate, and versus relative phase between the probe and driving fields in Fig. 7 . From Fig. 7(a) , one can see that, under resonant condition, the absorption of probe laser field on the transition j3i↔j1i increases dramatically when the atomic exiting rate r 0 decreases. In other words, the decrease of atomic exit rate r 0 makes the cavity field more difficult to reach saturation. Figure 7(b) shows that the absorption of probe field increases gradually as we choose the relative phase ϕ as 0, π ∕4, π ∕2, and 3π ∕2. Therefore, the probe absorption is harder to reach saturation and the threshold intensity increases accordingly as shown in Fig. 6(a) . In addition, it is found that an open atomic system turns to be a typical Λ-type three-level EIT medium when one chooses the relative phase ϕ π. In this case, the probe absorption is closed to zero accordingly, as shown in Fig. 7(b) , and the input field E I p is approximately proportional to the transmitted field E T p . In other words, we can say that it is impossible for an OB to happen in this condition. Thus, the bistable behavior disappears in the case of ϕ π, as illustrated by Fig. 6(b) .
POSSIBLE REALIZATION IN EXPERIMENTS
In this section, we would like to provide a possible realization of our proposed scheme in experiments. Similar to the experimental arrangement in [32] , one can perform experiments with 87 Rb atomic vapors contained in a pyrex cell. The linearly polarized probe laser field excites the transition 5S 1 ∕2 F 1↔ 5P 1 ∕2 F 2, and the control laser and microwave field excite the transitions 5S 1 ∕2 F 2↔ 5P 1 ∕2 F 2 and 5S 1 ∕2 F 1↔ 5S 1 ∕2 F 2, respectively, as illustrated in Fig. 8 . An atomic beam is injected at the rates J 1 for level j1i and J 2 for level j2i, respectively. The atoms exit with a rate r 0 after interacting with the fields. We should note that all the values of parameters chosen in the present work are based on the experimental values in [33] , such as the decay rates γ ij of 87 Rb atom, i.e., γ 31 γ 32 3 MHz and γ 21 0.1 MHz.
CONCLUSION
In this work, we presented a model and related density matrix equations of motion for an open Λ-type configuration, where a In the open atomic system, output intensity jxj versus input intensity jyj (a) for different atomic exit rate r 0 from the cavity with ϕ π ∕3, (b) for different relative phase between probe and driving fields ϕ with r 0 0.6γ. Other parameters used are the same as those in Fig. 3(a) except η 1. microwave field drives a hyperfine transition between two lower states with SGC under electric dipole and rotating-wave approximations. With numerical results, we analyzed the optical bistability behavior by adjusting different parameters in the system. Under the steady-state condition, we find that the threshold intensity and related area in the corresponding hysteresis cycle of OB can be controlled by modulating the incoherent pumping rate, the cooperation parameter, SGC, and the intensity of driving fields. With the same parameters, we also provide a comparison between the open and closed systems. We find that the threshold intensity of OB in open system is less than the closed one. Furthermore, different from the closed system, the OB curves in an open system can also be adjusted by varying the atomic injection and exit rates. More interestingly, the appearance and disappearance of OB can be transformed mutually by adjusting the relative phase of three coherent fields with the existence of a strong SGC.
